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Abstract 

Let G/H be a reductive homogeneous space and V'^^^ a G-invariant 
connection. Our interesse is to study V'^^'^'^-martingales in G/H. In 
fact, we yields a correspondence between V'' ''^-martingales and local 
martingales m, where m is the subspace of Lie algebra q such that g = 
f) ffi m such that Ad{H){m) C m. Here f) is the Lie subalgebra of H. 
As application we show that martingales in the sphere 5*" are in 1-1 
correspondence with local martingales in K". 
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1 Introduction 

Let G be a Lie Group and H closed Lie subgroup. In this work we consider 
the reductive homogeneous spaces. It means that g, t] are Lie algebras of G 
and H, respectively, and there exists a subspace m of g such that g = f) © m 
and Ad{H){m) C m. Our intention is to study the martingales in G/H with 
respect to G-invariant connections. A first study in this direction was done by 
M. Arnaudon in :3 , where he characterized the martingales with respect the 
canonical connection in G/H in function of local martingales in m. The reader 
can be see that his strategy was used the stochastic exponential in the sense of 
Stratonovich (see for example [S]) to show this. 

In our paper, being natural to see tt : G — > G/H as submersion, furthermore, 
as principal fiber bundle, our idea is given a G-invariant connection V*^^^ on 
G/H and to construct a desirable connection V*^ on G such that tt : G ^ G/H is 
an affine submersion with horizontal distribution. It means that 7r*(V^hi3'') = 
V^^^B, where X,Y are vector fields on G/H and A^,B^ are their lifts to G, 
respectively. The last definition was introduced by N. Abe and K. Hasewaga in 

Take the connections V*^/^ and V*^ as above. Following the natural idea of 
projecting the horizontal geodesies of G in geodesies of G/H we wish to project 
horizontal V'-^-martingales in V'^^'^-martingales. To make the role of geodesies 
in G we will use the Ito exponential on G, which was introduced by author in 
[15] . Given a local martingale M in g the Ito exponential X — e'^(Af) with 
respect to V*^ is tlie solution of the stochastic differential equation in Ito sense: 

In context proposed until here, our main Theorem says: 
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Theorem : Let G / H a reductive homogeneous space G/H. Let V^/" and V° 
connections on G/H and G, respectively, such that tt is an affine submersion 
with horizontal distribution. If Xt is a S/'^^^ -martingale in G/H , then it is 
written as n o e'~^{M), where M is a local martingale in m. 

The hypothesis of Theorem is satisfied in many examples of homogenous 
spaces, which we give in this work. However, a special application is the sphere. 
Viewing the sphere 5" as homogeneous space we show that the martingales in 
sphere are in 1-1 correspondence with local martingales in R". 

2 Stochastic calculus 

In this work we use freely the concepts and notations of P. Protter [T^] , P. Meyer 
[ID] . M. Emery [B] and [7], S. Kobayashi and N. Nomizu [9] and J. Cheeger and 
D.G. Ebin [5]. We suggest the reading of [4] for a complete survey about the 
objects of this section. From now on the adjective smooth means G°°. 

Let (fJ, J^, (7^t)t>o, P) be a probability space which satisfies the usual hy- 
potheses (see for example [B^). Our basic assumption is that every stochastic 
process is continuous. 

Let M be a smooth manifold and Xt a continuous stochastic process with 
values in M. We call Xt a semimartingale if, for all / smooth function, f{Xt) 
is a real semimartingale. 

Let M be a smooth manifold with connection V*^. Let X be a continuous 
semimartingale with values in M, 9 a section of TM* and b a section of T'^^^^^M. 
We denote by / Od^ X the Ito integral of 9 along X and by / & d{X,X) the 
quadratic integral of 6 along X. We recall that X is a V-martingale if and only 
if / is a local martingale for any 9 e T{TM*). 

Let M and N be smooth manifolds endowed with connections V^^ and 
V^, respectively, and F : M ^ N a smooth map. P. Catuogno in |:4- shows 
the following version for Ito formula in smooth manifolds, which will be said 
geometric Ito formula: 

/ 9d^F{X)= f F*9d^^X + \ [ p*p9{dX,dX), (1) 
Jo J a 2 Jo 

where fip is the second fundamental form of F and 9 G r(r*A^). 

From the above formula, it follows that F is an affine map if it and only if 
sends V^^-martingales to V^-martingales. 

3 Connections on homogeneous spaces 

Let H he & closed Lie subgroup of G. Let q and f) denote the Lie algebras of G 
and if, respectively. We assume that the homogeneous space G/H is reductive, 
that is, there is a subspace m of g such that g = [} © m and Ad{H){m) C m. Let 
TT be the natural mapping of G onto the space G/H of the cosets gH, g € G. 
Also, for each a G G we define Ta : G/H G/H by Ta{gH) = agH, the left 
translation. If a G G and La are the left translation on G, then 

TT O La = Ta O TT. 
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The differential of tt at e shows that ker((i7r)e = [). Since dn is onto we get the 
canonical isomorphism m = To{G/H). 

As the left translation Lg is a diffeomorphism, for every g ^ G, we have 

TgG = (Lg)*ef) ® (ig)*em. 

Thus, writing 

rG„ := {(Lg)«t);V5 G G} and TG,n {(Lg)*em;V5 G G} 

follows that TG = TGi, ® TG,n. 

Let us denote the Maurer-Cartan form on G as w. Theorem 11.1 in shows 
that the principal fiber bundle G{G/H, H) has the vertical part of the Maurer- 
Cartan as a connection form with respect to decomposition g = () © m. In other 
words, TGm is a connection in G{G/H, H). The horizontal lift from G/H to G 
is denoted by Ti and the horizontal projection of TG into TGm is written as h. 

Let A em. The left invariant vector field A on G is denoted by A{g) = Lg^A 
and the G-invariant vector field A^, on G/H is defined by A^, = Tg^:A. It is clear 
that A is a horizontal vector field on G. 

It is well-known, see Theorem 8.1 in [TT] , that for each G-invariant connection 
•^G/H associated to a unique yld(i?)-invariant bilinear map /3 : m x m — > m, 
that is, 

P[Ad{H){A),Ad{H){B)) = Ad[H)(3{A, B), A, Bern. 
This correspondence is given by 

iyf"B)o^l3iA,B), A, Bern. 

Since we are interested on martingales in G/H, our idea is choose a good 
connection V*^ such that it is horizontally projected over V*^/^. In other words, 
we choose V'' in the way that tt : G G/i/ is an affine submersion with 
horizontal distribution. This definition was given by N. Abe and H. Hasegawa 
in [T] and it means the following. Taking A,B E m we yields the left invariant 
vectors fields ^, S on G and the G-invariant vector fields A^,, B^, on G/H. It is 
clear that A, B are horizontal and tt* {^A) — A* and tt* (B) — B^,. In other words, 
A, A* and B, B^, are tt- related. Furthermore, A, B are horizontal lift of A*, S*, 
respectively. Therefore tt is an affine submersion with horizontal distribution if 

h{W'?B) = nivf"B,). 

A natural way to construct a connection V'-' from V^/^ such that tt is affine 
submersion with horizontal distribution is to extend /3 to a bilinear map a to 
g X g into q such that a{A, B) = B) for A,B Em. Thus, there exists a left 
invariant connection V'^ on G such that 

(y'iB){e) = a{A,B), X,FGfl. 

We prove some geometric necessary facts. 

Proposition 3.1 Let V'^/^,SJ^ he connections such that n is an affine sub- 
mersion with horizontal distribution. 
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1. If f e C°°{G/K) then 

Hess'' if o n)ig){A, B) - Hess'^'" {f){^{g)){A,,B,), 
for A,B em. 

2. If A,B em then 

=0, 

where is the second fundamental form o/tt. 

Proof: 1. For A,B em, n4g){A{g)) = A^nig)) and ■K^{g){B{g)) = B^nig)) 
for all g e G. By definition of hessiano, for every / e C°° {G / K) , 

ffess«/^(/(^(5)))(A,,i3,) ^ A47:{g))iB,f)~df{\7ffB,)in{g)) 

= Aig)Bifo7T)-ifonUVp)ig) 
= Hess''{foTT){g){A,B). 
2. Given A, B e m we have, by definition of the second fundamental form, 

/3^(i, B) = V^^fir^B ~ TT^V^B. 
Being tt an afhne submersion with horizontal distribution, we obtain 

B) = V^i^B, - Va'^B,. = 0. 

4 Martingales in homogeneous space 

We endow G with a left invariant connection V*^ and g with a flat connection 
V^. In T5 , the author defines the Ito stochastic exponential with respect to 
V*^ and as the solution of the Ito stochastic differential equation 

d^'^Xt = L(x.)*(e)dM, Xo = e, (2) 

where M is a semimartingale in q. For simplicity, we call e''{M) of Ito expo- 
nential. In [TS], we have the following results about Ito exponential 

Theorem 4.1 Given a semimartingale X in G, there exists a unique semi- 
martingale M in Q such that X = e^{M). 

Theorem 4.2 Let V'^ be a connection on G. The S/'^ -martingale in G are 
exactly the process e'^ [M) where M is a local martingale on q. 

Before we work with martingales in G/H it is necessary to develop a result 
in the Lie group G. It is related with the left translate of semimartingales by 
a random variable with values in G. In consequence, we see that the set of 
martingales in G with respect to a left invariant connection do not change if we 
translate it to left by a random variable with values in G. 

Proposition 4.3 Let G be a Lie group and V*^ a left- invariant connection on 
G. IfYf is a semimartingale on G and ^ is a random variable with values in G, 
then, for 9 1-form on G, 

J ed'^^^Yt^ J{Lp)d^"Yt. 
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Proof: We begin denoting the product on Lie group G by m. Let be a 
l-form on G. As a function to m, the Ito integral along SYt is writing as 

Jed^^'^Yt = j ed^° m[^,Yt). 

The geometric Ito formula ^ gives 

j ed^^^Yt^ J ni*ed^''-^'"{^,Yt) + ^ J p:j{d{C,Yt),d{C,Yt)). 

From Proposition 3.15 in [7] we see that 

J ed^'^^Yt = I {R*ye)d''°^ + j (L|0)d^V, + i j p*^e{d{i,Yt),d{i,Yt)). 

^ is viewed a constant process, and consequently 

j ed^''^Yt= l{Lp)d^''Yt + ^ J p:j{d{^,Yt),d{i,Yt)). 

We claim that the l3rn{d{^,Yt),d{^,Yt)) is nuU. In fact, let G TgG and Y a 
left invariant vector field on G. Here, is the vector associated to the constant 
process ^. Then 

= V^^.o+L,.(y)(^/.*0 + - m*v«x«(o,y) 

= Lg,{y^Y) - Lg,{y^Y) 

= 0, 

where in forth equality we use the fact that V*^ is a left invariant connection. 
Thus we get 

j ed^'^Yt^ Jme)d^''Y,. 

Corollary 4.4 Let G be a Lie group and V*^ a left-invariant connection on 
G. Let ^ be a random variable with values in G. A semimartingale Yt in G is 
-martingale if and only if £Yt so is. 

The way used to work with martingales in G/H is to see tt : G —> G/if as 
G-principal fiber bundle and to make use of the horizontal lift of semimartingale 
due to I. Shigegawa in [Tl]. The horizontal lift in our context is expressed as: 
if Xt is a V'^/^-martingale in G/H^ it is clear that Xt is a semimartingale in 
G/H . As TT : G — !> G/H is a H-principal fiber bundle there is a unique horizontal 
lifting Yt in G such that 7r(Ft) = Xt and f cuSXt = ( see Theorem 2.1 in 14 ), 
where uj is the vertical part of Maurer-Cartan form associated with horizontal 
distribution TGm- 

Proposition 4.5 Let G/H a reductive homogeneous space G/H. LetV^I",V^ 
be connections such that tt is an affine submersion with horizontal distribution. 
If Xt is a 'SI'^ / ^ -martingale in G/H such that Xo = 71(10)7 where Yq is random 
variable in G, then so is Zt = Ty-iXt. 



5 



TT*e(f{Ly-iYt] 



Proof: Let Xt be a V'-'/^-niartingale and Yt its horizontal lift to G. Taking 
a 1-form 6 on G/H follows 

From the geometric Ito formula ^ and Proposition 13. II we see that 

j Od'^I^Zt = j Ti*ed'^'"{Ly-iYt) + J Tr,ei3^{d{Ly-iYt),diLy-iYt)) 

-.y,^Y,). 

ProDOsition 14.31 now assures that 

J ed^'"Zt = j eTT*L*y^,d^Yt = J 0T^-,Tr*d^Yt. 
Again, from geometric Ito formula ([T]) and Proposition 13.11 we conclude that 
J ed^l"Z, = j 04_,d«/^vr(r,) = j 0r*_,d«/^X,. 

Since Xt is V*^/^-martingale, it follows that Zt is a V'^^^-martingale. 

Proposition above allows considering V'^^^-martingales with initial condi- 
tion o, that is, we can consider only the V*^/^-martingales Xt with Xq — o, 
where o — H is the origin in G/H. 

Lemma 4.6 Let G/H a reductive homogeneous space G/H. LetV^I" ana V 
connections on G/H and G, respectively, such that tt is an affine submersion 
with horizontal distribution. If Ut is a horizontal parallel stochastic transport 
along Xt, then 7r*(?7t) is a parallel stochastic transport along the semimartingale 
Tr{Xt) inG/K. 

Proof: It is sufficient to show that 7T^,{Ut) satisfies the formula of the parallel 
stochastic transport, see for instance (8.11) in 6 . Consider / e C°°{G/K). 
Applying this formula we obtain that 

(^*f/t)/+(7r*C/o)/ - C/t(/o^) + C/o(/o^,) 

Hess{fo'K){Ut,5Xt) 

Hess{f){TT,Ut,5TT{Xt)), 

where we used the Proposition 13.11 in the later equality. It follows immediately 
that TT, (C/j) is parallel stochastic transport along 7r(Xf). 

Theorem 4.7 Let G/H a reductive homogeneous space G/H. Let V^l" and 
V*^ connections on G/H and G, respectively, such that tt is an affine submersion 
with horizontal distribution. If Xt is a V'^^^ -martingale in G/H, then it is 
written as tt o e'^{M), where M is a local martingale in m. 
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Proof: Let Xt be a V'^/^-martingale in G/H and Yt its horizontal lift in G. 
Consider a 1-form 9 in T* [G / K). Since tt is an affine submersion with horizontal 
distribution, from Proposition 13. II and the geometric Ito formula ^ we obtain 

j ed'^/^Xt = J ed'^/^niYt) = J {n*9)d''Yt = j en^d'^Yt, 

where we used that Yt is a horizontal semimartingale in G. Hence 

d'^/"Xt^7T,d^Yt. 

Let {Hi, . . . , Hn} be a basis on g. Choose k = 1, . . . , r} such that it is 
a basis of m. By Theorem 14.11 there is a unique semimartingale TV in g such 
that d'^Yt = Ly.^dN. If we write N = YII^i^^Hk + 'E^Lr+i^^Hj, then 

d^Yt = dN^Ut + dN^Ui, where Ui = LYt*H,,i = 1, . . . , n. It is obvious that 
^^Hfi is a semimartingale in m and that 

d^'"Xt = TT, {dN^U^) = diV>, (t/«). (3) 

The set {C/^, . . . , J7"} is a moving frame along 1^ (see [6] for the definition of 
moving frame). Hence {7r*(C/^), . . . , 7r,(t/'')} is a moving frame along Xt, by 
Lemma above. Let us denote by {771, . . . , 77^} the dual basis of {7r*(f7j''), k = 
l,...,r} along Xf. Define Mt — YM=i-^tHi ^ semimartingale in m, where 
Ml = / -qid^/^Xt. For every / = 1, . . . , r, we claim that Ml = Nl. In fact, 

Ml = y ry^d^/^Xi = y ,7,d7Vr^*(t^r) - / dN^j^ii,*U^ = j dNl = 

It follows that TVt = Mt + ELr+i ^'-^^i- F^om this and © we conclude that 
dG/Hj^^ _ T^^(^]^Yt*dMt), and also that 

d'^/^Xt^TY.^dMt. (4) 

The semimartingale Mt above is called the lifting of Xt in m (see [S] for this 
definition). From the stochastic differential equation (j?]) we conclude directly 
that Xt is a V'^'^^-martingale if, and only if, Mt is a local martingale in m. 
Theorem is proved if we see that Yt — e'^(M). 

Remark 1 In the proof of the Theorem above, we founded a semimartingale 
Yt — e'^{Mt). Since M is a local martingale in m, we can consider M as local 
martingale in g. Therefore Yt is a V'^-martingale, which follows from Theorem 
14.21 Furthermore, in terms of theory of connections, Yt can be consider as a 
horizontal martingale in G. 

Remark 2 From the proof of Theorem 14.71 we have that a semimartingale Xt 
in G/H satisfies the Ito stochastic differential equation 

d'^'"Xt = TY,.dMt,Xa = o, (5) 

where Mt is a semimartingale in m and o — H. 
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Example 4.1 K. Nomizu in 111'] defined by canonical affine connection of the 
second kind the connection V*^/^ which has the connection function 
/? : m X m ^ m given by (3{A,B) = 0, for A,B e m. We extend j3 for a 
connection function a{A, B) = 0, for A, B G g. Then, the connection V*^ is 
given by V^i? = 0. With these connections, it is clear that tt : G ^ G/H 
is an affine submersion with horizontal distribution. Theorem \4. 7| assures that 
for each \7^^^ -martingale X there exists a local martingale in m such that 
Xt = TT o e'^{M). This result was first proved by M. Arnaudon in fS^. As a 
particular case of this example we have the Symmetric Spaces which admits a 
G-invariant metrics (see Theorem 3.3, chapter XI, in J^)- 

Example 4.2 K. Nomizu in Ulf called the canonical affine connection of the 
first kind the connection V*^/^ which has the connection function /3 : m x m ^ 
m defined as I3{A,B) — ■^[A,B]m. The natural way to extend (3 to a is to 
take a{A^B) = ^[A, i?], for A^B ^ q. In according to correspondence between 
connections on G / H and G and connections functions f) and a, respectively, 
V^'"b = \ [A, B]nt and V^B = \ {A, B\. It follows directly that n : G ^ G/H 
is an affine submersion with distribution horizontal. Therefore every 
martingale Xt is written as Xt = Troe^{Mt), where Mt is a local martingale in 
m, which follows from Theorem \4. 7| 

Example 4.3 A class of homogeneous space that satisfy the Example above are 
the normal homogeneous spaces. Following Definition 6.60 in U3\j . a Rieman- 
nian homogeneous space M — G/H is called normal homogeneous if there exists 
a bi-invariant metric on G such that 7r*|e maps the orthogonal complement f)^ 
o/ f) in Q isometrically to M^(e). It is know that Levi-Civita connection on G 
is given by V^B = ^[^, -B], for A,B. In the other side, it is possible to show 

that the Levi-Civita connection on G/H is given by V^^^-B — ^[A,B]m, for 
A, B G m (see proposition 6.62 in 1131). In fact, every normal homogenous 
space is naturally reductive ( see page 220 in 113] or 12]). 

Example 4.4 A example more general than above is the following. Let 
M = G/H be a homogeneous space. We admit that M has a G-invariant metric 
<C^. Using Theorem 3.36 in we obtain a left invariant metric <, > on G 
such that TT : G ^ G/H is a Riemannian submersion. Theorem \4-. 7| assures that 
every V'^^^ -martingale Xt is written as Xt = n o e'^{M), where M is a local 
martingale in m. 

5 Martingales in sphere 

Let 5" be a sphere n-dimensional in M". We can write S" as a normal ho- 
mogeneous space in the following way. In '13j, we found in Example 6.61(a) 
that if we define a bi-invariant metric on SO{n -\- 1) hy < U ,V >— ^tr{U^V) — 
-B{U, V)/(2n -2),n>2, B is the Killing form, then S" = SO{n + l)/SO{n) 
is a normal homogeneous space. Furthermore, the normal homogenous metric 
on S" = SO{n -I- 1)/ SO{n) is the usual metric on S*". It directly follows that 
SO{n -\- l)/SO{n) is a reductive homogeneous space. The reductive decompo- 
sition is given by o{n + 1) = o{n) + m, where m is the subspace of all n x n 
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matrices of the form 

[x 0„ j ' 

where x — (xi, . . . ,x„) is a column vector in M" and 0„ the n x n zero ma- 
trix. It is clear that m is isomorph to M". Let us denote such isomorphism by 
ip : m M" . It is immediate that a semimartingale ^ in R" is a local martingale 
if and only if 0(^) = M is a local martingale in m. 

Theorem 5.1 Let S"" be a sphere n-dimensional in R" with its usual metric 
induced ofW^^^. There is a 1-1 correspondence between matingales in S" and 
local martingales in R". 

Proof: Let Xt be a V'^ -martingale in 5", where V'^ is the Levi-Civita 
connection. Theorem 14.71 yields a unique local martingale in m such that Xt = 
TT o e'^(M), where V'^ is the Levi-Civita connection on SO{n + 1). Using the 
isomorphism : R" m defined above we see that M = 4>{£,), where ^ is the 
unique local martingale in R" that satisfies such relation. It follows that Xt is 
unique related with ^, and the proof is complete. 

By Remark [5] we know that a V'^ -martingale Xt satisfies the Ito stochastic 
differential equation 

d^"Xt=TY,,dMt,XQ^o\ 

where Mt is a local martingale in m and o* — (1,0,..., 0). In the other hand, 
there exists a unique local martingale ^ such that M = (/){£,). So, for a 1-form 9 
we can compute 

J ed^"Xt = J OTY.dMt = J eTY,*dc^iOt = J eTY,(j)*d^t, 

where we used the geometric Ito formula ([1]) in the last equality. Thus Xt 
satisfies the following Ito differential equation 

d^" Xt = TY,cj},d^t, ^0 ^ {0,0, ... ,0). 



References 

[1] Abe, N., and Hasewaga, K., An affine submersion with horizontal distribu- 
tion and applications. Differential Geometry and its Applications, 14,(2001) 
235-250. 

[2] Arvanitoyeorgos, A. An introduction to Lie groups and the geometry of 
homogeneous spaces. Student Mathematical Library, 22. American Mathe- 
matical Society, Providence, RI, 2003. 

[3] Arnaudon, M., Semi-martingales dans les espaces homogenes, Ann. Inst. 
H. Poincarc Probab. Statist. 29 (1993), no. 2, 269-288. 

[4] Catuogno, P., A Geometric ltd formula, Matematica Contemporanea, 2007, 
vol. 33, p. 85-99. 

[5] Cheeger, J., Ebin, D.G. Comparsion theorems in Riemannian geometry. 
North- Holland Publishing Company (1975). 



9 



[6] Emery, M., Stochastic Calculus in Manifolds, Springer, Berlin 1989. 

[7] Emery, M., Martingales continues dans les varietes differentiables, Lectures 
on probability theory and statistics (Saint-Flour, 1998), 1-84, Lecture Notes 
in Math., 1738, Springer, Berhn 2000. 

[8] Hakim-Dowek, M., and Lepingle, D., L'exponentielle Stochastique de 
Groupes de Lie,Lectures Notes in Mathematics, 1204, 1986, p. 352-374. 

[9] Kobayaslii, S., and Nomizu, K., Foundations of Differential Geometry, vol 
I, Vol II, Interscience Publishers, New York, 1963, 1969. 

[10] Meyer, P. A., Geometric stochastique sans larmes. (French) [Stochastic 
geometry without tears] Seminar on Probability, XV (Univ. Strasbourg, 
Strasbourg, 1979/1980) (French), pp. 44-102, Lecture Notes in Math., 850, 
Springer, Berlin-New York, 1981. 

[11] Nomizu K., Invariant affine connections on homogeneous spaces, Amer. J. 
Math., 76, (1954). 33-65. 

[12] Protter, P., Stochastic integration and differential equations. A new ap- 
proach. Applications of Mathematics (New York), 21. Springer- Verlag, 
Berlin, 1990. 

[13] Poor, W.A., Differential geometric structures. McGraw-Hill Book Co., New 
York, 1981. 

[14] Shigekawa, I. On stochastic horizontal lifts. Z. Wahrsch. Verw. Gebiete 59 
(1982), no. 2, 211-221. 

[15] Stelmastchuk, S. N., ltd Exponential on Lie Groups, 
|http://arxiv.org/abs/1106.5637 



10 



